We study a non-trivial extreme case of the orchard problem for 12 pseudolines and we provide a complete classification of pseudoline arrangements having 19 triple points and 9 double points. We have also classified those that can be realized with straight lines. They include new examples different from the known example of Böröczky. Since Melchior's inequality also holds for arrangements of pseudolines, we are able to deduce that some combinatorial point-line configurations cannot be realized using pseudolines. In particular, this gives a negative answer to one of Grünbaum's problems. We formulate some open problems which involve our new examples of line arrangements.
The Sylvester-Gallai problem
We begin with a few definitions. A line arrangement in the real projective plane P 2 R is a finite set of lines in P 2 R . A pseudoline in P 2 R is a simple closed curve such that its removal does not cut P 2 R in two connected components. A pseudoline arrangement is a set of pseudolines in P 2 R such that every pair of pseudolines has precisely one point in common where the two curves intersect each other. A first book about pseudoline arrangements was written by Grünbaum [13] . It has turned out later that pseudoline arrangements are isomorphic to reorientation classes of oriented matroids in rank 3. This implies a close connection of our investigation to the theory of oriented matroids. The interested reader can find more about this relation in [2] and [3] . For a given line arrangement, or for a given pseudoline arrangement, we count the number of points that are incident with precisely k lines or k pseudolines, respectively, with k 2, and we denote this number of the arrangement by t k . We call a point incident with precisely r lines or with precisely r pseudolines an r-point. We use also the notion double point for r = 2, triple point for r = 3, and quadruple point for r = 4. We speak of an essential line (pseudoline) arrangement when all lines (pseudolines) do not intersect at one point. Our article can also be seen in the spirit of Grünbaum's book about point-line configurations, see [14] . The reader will get some benefit for understanding our paper when she/he has a look at this book. For a point-line configuration we have not only a set of lines but also a set of points together with an incidence relation between the set of points and the set of lines. It is clear that the lines can be replaced with pseudolines and we arrive at a point-pseudoline arrangement. Moreover, when we forget about any underlying geometric set of points, lines, or pseudolines, we arrive at an abstract point-line configuration. Point-line configurations with n lines and n points in which (•) the lines are incident with precisely k points and (••) the points are incident with precisely k lines have been called (n k )-configurations. We refer to them later on. We use the point-line duality of the projective plane, i.e., a line arrangement defines via duality a point configuration, and vice versa.
The solution of the famous problem due to Sylvester [24] says that for every finite configuration of points in the real projective plane there exists at least one ordinary line, i.e., a line passing through exactly two points from the configuration, provided that not all points lie on a line. The dual version of this problem tells us that every arrangement of lines in the real projective plane, not all intersecting at one point, contains at least one double intersection point, i.e., t 2 1. Sylvester's problem was solved by Gallai [10] . It is worth pointing out that Melchior [21] has shown in the dual situation that for essential line arrangements of at least 3 lines one has t 2 3. It was natural to ask what is the maximal possible number of ordinary lines for configurations of points or, via the famous orchard problem [18] , what is the maximal possible number of triple intersection points for line arrangements. Quite recently, Green and Tao [12] have shown the so-called Dirac-Motzkin conjecture which provides also the upper bound for the number of triple intersection points for arrangements of n ≫ 0 lines defined over the reals, namely
It was well-known several years before the proof of Green and Tao that their upper-bound can be obtained using the so-called Böröczky family of line arrangements [9] . Sylvester's problem provides also a lot of geometrical constraints, for instance it implies that the famous dual-Hesse arrangement of 9 lines and 12 triple points (see for instance [1] ) cannot be realized as a straight-line arrangement in the real projective plane since it does not contain any double point. It means also, via duality, that the Hesse arrangement of 12 lines, 12 double points, and 9 quadruple points cannot be realized as a straight-line arrangement in the real projective plane. An analogon to Sylvester's problem can be formulated for pseudoline arrangements in which not all pseudolines intersect in a common point. Problem 1.1. Let L be a pseudoline arrangement with n 3 pseudolines not intersecting in a common point. Is it true that t 2 1?
Probably questions around Sylvester's problem and the orchard problem for pseudolines were considered for the first time in the paper due to Burr, Grünbaum, and Sloane [6] . However, the authors did not know whether there exists a duality result for configurations of points and arrangements of pseudolines. In 1980 Goodman [11, Theorem 2] has shown the following result.
R , L is an arrangement of pseudolines and P a configuration of points, and if I is the set of all true statements of the form "P ∈ P is incident to L ∈ L", then there is a configuration L ′ of points and an arrangement P ′ of pseudolines, such that the set of all incidences holding between members of L ′ and members of P ′ is the dual I ′ of I.
This result allows to establish some bounds in the context of the orchard problem [6] . On the other hand, let us point out here explicitly that Problem 1.1 has a positive answer. Indeed, using the same proof as in the case of Melchior's inequality, one can show the following result. In our formulation by p j we mean the number of regions bounded by precisely j sections of pseudolines. Remark 1.5. The fact that every configuration of pseudolines has at least one double point follows from a result by Kelly and Rottenberg [19] . However, our aim was to provide an explicit inequality which is more adequate for our purposes.
This quite natural result has some significant geometrical consequences. Before we formulate some corollaries, it is worth pointing out that for arrangements of n pseudolines we have the same combinatorial equality as in the case of straight lines, namely
On the left hand side of the equation, we have the number of pairwise intersections, and on the right hand side, we have the sum over all r-points in the arrangement. Using this fact we can derive the following result.
Corollary 1.6. There does not exist an arrangement of n = 9 pseudolines with 12 triple points.
Proof. Using the above combinatorial equality, observe that if n = 9 and t 3 = 12, then t r = 0 for r = 3. In particular, t 2 = 0.
Now by Theorem 1.2, one has the following.
Corollary 1.7. There does not exist an arrangement of 12 pseudolines intersecting at 9 quadruple points and 12 double points.
At last, let us recall the following question which was formulated by Grünbaum in his book [14] . Before we proceed further, let us also recall that by a geometric realization of a given abstract point-line configuration we mean a realization with straight lines, and by a topological realization we mean a realization with pseudolines. Proof. Using the combinatorial equality for pseudoline arrangements, we see that for 13 pseudolines 26 triple points is the maximal possible number of intersection points, which means that t r = 0 for r = 3. This fact, combined with Melchior's inequality, completes the proof.
Using exactly the same argument, one can show that:
1. Klein's arrangement [20] cannot be constructed as pseudoline arrangements. Our considerations here lead to the following very interesting question which seems to be not formulated explicitly in the literature. Problem 1.10. Let L be an arrangement of n 4 lines in the complex projective plane P 2 C such that t 2 = 0. Then L is isomorphic to either the dual Hesse, Klein's, Wiman's arrangement, or to one of Fermat's arrangements of lines.
On the other hand, as the referee kindly pointed out to us, it might be interesting to ask whether the dual Hesse, Klein's, Wiman's arrangement, or to one of Fermat's arrangements of lines, can be realized as line arrangements in the three dimensional real projective space -this is a natural intermediate step between the real projective plane and the complex projective plane.
2 The orchard problem for pseudoline arrangements
Böröczky's arrangement of 12 lines
Let us here recall the main construction due to Böröczky which motivated our research -for more details please consult [9] .
We start with a regular n-gon inscribed in a circle O. We denote vertices of this n-gon traced in clockwise order by P 0 , . . . , P n−1 . For simplicity, we assume here that n is even -we are only interested in the case where n is even and thus we omit the odd case. Then we construct the first line by joining P 0 with P n/2 . In the next step we join P n/2−2 with P 1 , and we continue this procedure until we obtain exactly n lines -after this moment our construction repeats and it does not provide new distinct lines (since we consider indices modulo n). Of course, it may happen that P n/2−2i and P i coincide -then we draw the tangent line at P i to O. We obtain the arrangement B n which consists of n lines, n − 3 + ε double points, and 1 +
triple points, where ε is equal to 0 if n = 0 mod(3), or 2, otherwise. 
Sweeping argument
Now we explain how we determine pseudoline arrangements with 12 pseudolines in which 19 triples of them intersect in a point and in which the remaining pairs intersect pairwise. We can assume that one pseudoline P 1 is incident with 5 triple points since 3 · t 3 /n = 3 · 19/12 > 4. We use an additional sweeping pseudoline P that is at the beginning equal to pseudoline P 1 and that has otherwise all the time precisely one additional point on P 1 between the intersection of P 12 with P 1 and the intersection of P 2 with P 1 . We sweep P through the projective plane until it finally coincides with P 1 again. We move P across all intersection points of two or three pseudolines. In other words, we imagine all possible crossings that can occur when we have an arrangement with 12 pseudolines in which 19 triples occur and the remaining crossings occur pairwise. This sweeping process has been used heavily in [4] and we refer the reader for details of this sweeping process to this article. On this sweeping pseudoline P , we consider the sequence of intersections along P with the remaining pseudolines P i for 2 i 12. An intersection of just two pseudolines in the arrangement leads to an interchange of just two elements in the sequence of intersections on P . An intersection of three pseudolines in the arrangement leads to reversing the sequence of a triple of adjacent indices. We have at the beginning on P the sequence of pseudoline indices (2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12) and immediately afterwards when P is incident with line P 1 , we have triples and a single crossing point ((1, 2, 3), (1, 4, 5), (1, 6, 7), (1, 8, 9), (1, 10, 11), 12) or the new sequence of pseudoline indices (3, 2, 5, 4, 7, 6, 9, 8, 11, 10, 12) . Because of the symmetry, we consider only one position of P 12 . Now we change either a pair of adjacent indices in ascending order or we look for a triple of adjacent indices again in ascending order for which we reverse their order. We do such steps for changing the sequence of indices over and over again in all possible ways until we reach the sequence of indices (12, 11, 10, 9, 8, 7, 6, 5, 4, 3, 2) . During the process we collect the triples and we keep those examples that have precisely 19 triples.
We delete those elements for which we have already an isomorphic example, and we decide which of them are realizable with straight lines. The functional programming language Haskell [15] (our code is available on demand) was used for this algorithm, and Cinderella [22] software was helpful to investigate the outcome. The sweeping process that was used in [5] was more involved because of the problem size. However, the motivation for both investigations can be seen as an equal attempt to work towards a solution of the long standing open problem to get a complete classification of all geometric (n 4 )-configurations.
In Section 3, we provide a complete list of arrangements with 12 pseudolines, 19 triple points, and 9 double points -this list was obtained using machine-computations based on Haskell code. For all those that are realizable with straight lines, we provide in Section 4 corresponding pictures. We also explain why some of them cannot be represented by lines.
Problems and Applications
The methods we have used to classify all arrangements with 12 pseudolines and 19 triple points are useful in the context of classifying (n 4 )-configurations in which long standing problems are still open. One variant of the sweeping method was decisive for investigations of the case n = 19, see [5] . Apart from providing building blocks for this area, our investigated case is as well strongly related to the so-called containment problems in algebraic geometry that we are going to describe next. Here we focus on a special case of this problem which fits to our setting -for a general introduction please consult a very recent survey [23] .
Let P = {P 1 , . . . , P s } be a finite set of mutually distinct points in the projective plane and denote by I(P i ) the associated radical ideal of P i , that is the ideal of rational functions vanishing on P i . We define the radical ideal I = I(P) of P by
The m-th symbolic power of I is defined as
which means that the m-th symbolic power of I can be viewed as the set of forms vanishing along points P i with multiplicity m. Another famous result due to Ein, Lazarsfeld, and Smith [8] in characteristic 0, and Hochster and Huneke [16] in positive characteristic, tells us that one has the the following containment:
Few years later, Huneke asked whether one can improve the above containment. 
hold?
It turned out that in general (1) does not hold and most counter-examples are based on radical ideals of points which are given by intersection points of line arrangements. In particular, in [7] the very first counter-example to (1) in the real projective plane is provided and it is given by the radical ideal of triple points of Böröczky's arrangement of 12 lines. In order to understand better the containment problem, one can formulate the following question.
Question 2.2. Using singular intersection points of line arrangements from Section 4, decide whether taking radical ideals of triple points one always has the containment
This question is of interest because the mentioned configurations have the same combinatorics, i.e., the number of lines and types of singular points, thus the main problem is whether the containment problem is combinatorial in nature. We want to verify whether the following is true: If L and L ′ are two line configurations with the same combinatorics (with the same number of lines n and with the same combinatorial structure (t 2 , . . . , t n )) and if the containment (1) does not hold for the radical ideal of a certain subset of singular points of L, then (1) does not hold for the radical ideal of corresponding singular points of L ′ .
Pseudoline arrangements
All arrangements with 12 pseudolines, 19 triple points, and 9 double points can be reconstructed via its triple points and this is one of the reasons why we provide only the triple lists. We can always start our sweeping algorithm with the line at infinity (we think of the circle model of the projective plane as in [4] ) with the triples (1, 2, 3) , (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11), and we can insert successively all triples whereby one observes that no pair of pseudolines can meet twice. Finally, the list of 13 non-isomorphic arrangements has appeared during our computer-based tests. For instance, in Figure  2 we have drawn the pseudoline arrangement C 1 that cannot be realized with straight lines. Here you see the line at infinity as the boundary of the circle with identified antipodal points. We provide also a short explanation after the enumeration of all 13 arrangements why certain pseudoline arrangements are not realizable with straight lines. Proceeding along the same lines one can handle the remaining cases. (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11), (2, 4, 7), (2, 6, 9), (2, 8, 11) , (2, 10, 12) , (3, 4, 9) , (3, 5, 7) , (3, 6, 11) , (3, 8, 12) , (4, 6, 12) , (4, 8, 10) , (5, 6, 10), (5, 9, 11), (7, 9, 10), (7, 11, 1)}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 9) , (3, 5, 7) , (3, 6, 11) , (3, 8, 12) , (4, 6, 12) , (4, 8, 10) , (5, 9, 11) , (7, 9, 10) , (7, 11, 12) , (5, 6, 8 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 5, 7) , (3, 6, 11) , (3, 8, 12) , (4, 6, 12) , (4, 8, 10) , (4, 9, 11) , (5, 9, 12) , (7, 9, 10) , (7, 11, 12) , (5, 6, 8) }, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 10) , (3, 5, 7) , (3, 6, 12) , (3, 9, 11) , (4, 6, 11) , (4, 8, 12) , (5, 6, 8) , (5, 9, 12) , (7, 11, 12) , (7, 8, 10 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 10) , (3, 5, 7) , (3, 6, 12) , (3, 9, 11) , (4, 6, 11) , (4, 8, 12) , (5, 8, 10) , (5, 9, 12) , (7, 9, 10) , (7, 11, 12 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 9) , (3, 5, 7) , (3, 6, 11) , (3, 8, 12) , (4, 6, 8) , (4, 11, 12) , (5, 6, 10) , (5, 9, 12) , (7, 9, 11) , (7, 8, 10 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 10, 12) , (3, 4, 9) , (3, 5, 7) , (3, 6, 8) , (3, 11, 12) , (4, 6, 11) , (4, 8, 12) , (5, 6, 10) , (5, 8, 11) , (5, 9, 12) , (7, 9, 11) , (7, 8, 10 )}, 2, 3) , (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 10) , (3, 5, 7) , (3, 6, 8) , (3, 9, 11) , (4, 6, 11) , (4, 8, 12) , (5, 6, 10) , (5, 9, 12) , (7, 11, 12) , (7, 8, 10 )}, 2, 3) , (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 10) , (3, 6, 8) , (3, 7, 11) , (3, 9, 12) , (4, 6, 11) , (4, 8, 12) , (5, 6, 10) , (5, 7, 9) , (5, 11, 12) , (7, 8, 10 )}. (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (3, 4, 9) , (3, 5, 7) , (3, 6, 11) , (3, 8, 10) , (4, 6, 10) , (4, 8, 12) , (5, 6, 8) , (5, 9, 11), (5, 10, 12), (7, 11, 12) , (7, 9, 10)}. (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 5, 7) , (3, 6, 11) , (3, 8, 12) , (4, 6, 12) , (4, 8, 10) , (4, 9, 11) , (5, 6, 10) , (5, 9, 12) , (7, 9, 10) , (7, 11, 12 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11) , (2, 4, 7) , (2, 6, 9) , (2, 8, 11) , (2, 10, 12) , (3, 4, 10) , (3, 5, 7) , (3, 6, 12) , (3, 9, 11) , (4, 6, 11) , (4, 8, 12) , (5, 6, 10) , (5, 9, 12), (7, 11, 12) , (7, 8, 10 )}, (1, 4, 5) , (1, 6, 7) , (1, 8, 9) , (1, 10, 11), (2, 4, 7), (2, 6, 9), (2, 8, 11) , (2, 10, 12) , (3, 5, 12) , (3, 7, 10) , (3, 9, 11) , (4, 8, 10) , (4, 11, 12) , (5, 7, 8) , (5, 9, 10) , (6, 8, 12) , (7, 9, 12) , (3, 4, 6)}.
(1,2,3)
(1,4,5)(3,5,7) (2,4,7)
(3,6,11) P 6 (2,6,9) P 9 (5,9,11) P 11 (1, 8, 9) (5,6,10)
Figure 3: A movable projective incidence theorem illustrating the geometric non-realizability of the arrangement C 1 .
Let us now explain shortly why certain pseudoline arrangements are not realizable with straight lines. Recall that a projective base in the real projective plane is a set of four points in general position, i.e., no three points are collinear. We start with C 1 and we use its corresponding tripels as points. When we pick a projective base of the points (1, 2, 3) , (1, 4, 5) , (3, 5, 7) , and (2, 4, 7), we have determined six lines P 1 , P 2 , P 3 , P 4 , P 5 , and P 7 because two indices occur in former triples. Now we can construct, as intersections, the points (1, 6, 7) and (3, 4, 9) . A movable point (2, 6, 9) on line P 2 determines the points (1, 8, 9) , (5, 9, 11) , (5, 6, 10) , and (3, 6, 11) . This defines in turn point (2, 8, 11) and line P 8 . However, line P 8 passes through point (5, 6, 10) because of a movable (!) projective incidence theorem, which is an obstruction. It is a movable projective incidence theorem because the incidence of line P 8 and point (5, 6, 10) remains when you move point (2, 6, 9) on line P 2 . You can check this with any dynamic geometric software or you provide an algebraic proof as follows. In our illustration in Figure 3 , we have chosen the projective base (four red points) as vertices of a square with edges of length 2 parallel to the coordinate axes and with midpoint as the origin. Thus the coordinates of all points are very easy and showing the final collinearity becomes an easy excercise:
( We have not drawn P 10 since it does not play any role for finding the obstruction. The second example C 2 can be realized with straight lines. Here a movable projective incidence theorem works in favor of a realization. Pick again a projective base of the points (1, 2, 3), (1, 4, 5) , (3, 5, 7) , and (2, 4, 7) in a dynamical drawing software like Cinderella. After picking a movable point (2, 6, 9) on line P 2 , we see a movable projective incidence theorem when we forget about the two points (7, 9, 10) and (4, 6, 12) . A corresponding line arrangement can be seen in Figure 4 .
Let us point out here that C 6 corresponds to Böröczky's arrangement of 12 lines and C 7 corresponds to the arrangement depicted in Figure 5 . As we can see, the arrangement C 7 has 3 axes of symmetry. Figure 4 : A geometric realization of the arrangement C 2 .
New non-isomorphic line arrangements
P 3 P 11 P 1 P 12 P 2 P 10 P 9 P 5 P 7 P 6 P 4 P 8 Figure 5 : A geometric realization of the arrangement C 7 .
